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We  develop a new efficient numerical methodology for automated simultaneous registration

and  intensity correction of images. The approach separates the intensity correction term

from the images being registered in a regularized expression. Our formulation is consistent

with  the existing non-parametric image registration techniques, however, an extra addi-

tive  intensity correction term is carried throughout. An objective functional is formed for

which the corresponding Hessian and Jacobian is computed and employed in a multi-level

Gauss–Newton minimization approach. In this paper, our experiments are based on elastic

regularization on the transformation and total variation on the intensity correction. Vali-
Inverse problems

Intensity correction

Optimization

Multi-level

dations on dynamic contrast enhanced MR abdominal images for both real and simulated

data verified the efficacy of the model.

The pursued approach is flexible in which we can exploit various forms of regularization

on  the transformation and the intensity correction.

the key challenges in medical imaging, it is no surprise that
1.  Introduction

The goal of this paper is to develop a new efficient numer-
ical methodology for automated simultaneous registration
and intensity correction of images [2,8,13,29,34–36]. A key
ingredient and the main novelty of the new approach is the
integration of intensity change compensation and motion
correction into a unified mathematical model. Rather than
dividing the task into two sub-problems and to treat these sub-

problems sequentially and independently, the new approach
assumes that these sub-problems are in fact related and
mutually dependent. This paper is therefore based on a
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generalized variational framework, which integrates changes
of positions and changes of intensities into a combined opti-
mization framework.

Motion correction is typically based on an alignment
strategy, which aims to establish correspondences between
related points in different images. The technique for the
alignment of images taken at different times, from different
perspectives, or from different devices is known as image
registration, fusion, or warping. As motion provides one of
an overwhelming number of publications address this issue;
see, e.g., the books [21,40,32,51,15,42,33] the overview arti-
cles [5,14,27,39,24,53,10], and references therein. Although

erved.
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he alignment problem is essential for the treatment of
any  imaging applications its solution is far from being

rivial.
For example, the registration problem in dynamic contrast

nhanced magnetic resonance imaging (DCE-MRI) presents a
articular challenge as intensity changes at a certain loca-
ion can be based on motion, contrast agent uptake, or both.
n contrast to other applications, where intensity variation

ight be modelled as noise, intensity variation in DCE-MRI
s signal and thus requires an appropriate treatment. Exist-
ng distance measures either assume time homogeneity of
patial intensity variations and are thus inappropriate or are
eature based and thus too restrictive. In this context, several
uthors have proposed a dual approach where the first step is
o estimate the intensity-enhancement and the second step
s to align the images after compensating for the intensity
hanges. Examples of this approach is given in [52,26] where
he intensity variation in the template image  is estimated first
nd then this information is used to “de-enhance” the tem-
late image.  Once this is done, the transformation between
he template and the reference images is calculated. This
rocess is repeated in an iterative fashion until convergence
ccurs. In [6] a pharmacokinetic model is fitted to the data and
his is used to estimate the intensity enhancement for each
oxel; the template image  is then registered to a synthetic
mage which is generated by adding the expected intensity
nhancement to the pre-contrast reference image.  Similarly,
n [31] a principal components analysis is used to estimate a
ynthetic sequence of motion free contrast enhanced-images
rom the original data; each moving image  is then registered
o the synthetic image  from the corresponding time point. All
f these approaches have the problem that they attempt to
stimate motion and intensity enhancement separately and
terate between the two tasks in the hope that convergence

ill occur. The limitation of these approaches is that a prob-
em with two mutually dependent components is addressed
y sequentially looking at the components. A major challenge
n DCE-MRI is to provide a unified framework, that enables a
imultaneous treatment for both motion correction and inten-
ity homogenization and thus provides the basis for a proper,
obust, and efficient numerical treatment.

Following Horn-Schunck’s seminal work [25] on estimat-
ng the motion using optical flow, a number of approaches
ere proposed in the literature [13,36,50] which allowed vary-

ng illumination among the two images being registered. The
pproaches developed in [13,36] were very similar to Horn-
chunck’s, except that they separated the illumination change
s a linear intensity shift term. More  recently, a similar idea
as applied to the registration of contrast-enhanced images

2,29]. This allowed intensity correction along with registration
hich is not directly provided by sophisticated registra-

ion distance measures. The common intuition behind these
ethods was separating and regularizing the intensity cor-

ection term from the images in the regularization expression
oupled with the motion. Numerically, these approaches pro-
osed constructing a very large system of equations directly

ased on the slightly modified optical flow equations. Iterative
olvers were then used to minimize the objective functional
nd estimate the deformation vectors. All of these methods
sed the diffusion penalty [32] function on the displacement
 o m e d i c i n e 1 1 2 ( 2 0 1 3 ) 398–406 399

field, however, the possibility of applying other regularization
expressions was not readily available.

A model we have developed in this direction [9] suggests a
variant of the well known Demons algorithm [45]. Although
the original Demons model does not allow any change of
the intensity in images to be registered, we  allow intensity
changes in the proposed model. Although the approach is
promising and yields a generalization of the Demons algo-
rithm, a precise mathematical explanation of the model seems
to be a challenge, and the arbitrary choice of the smooth-
ing kernels and their various associated parameters seem to
be rather challenging. The methods in [8,34,35] also tend to
unify and generalize the intensity correction and registra-
tion. Recently in [8], we presented a general PDE-framework
for registration of contrast enhanced images. Furthermore,
[34,35] model the intensity correction as a multiplicative term.
However, this is not sufficient because loosely speaking if the
intensity of a pixel is zero in one image  and non-zero in the
other one, a multiplicative intensity correction factor can-
not fix this. In our proposed scheme in this manuscript our
model is similar to [8], except that a more  generalized reg-
ularization expression is employed. Furthermore, the more
efficient Gauss–Newton approach in a multi-level implemen-
tation [37,33] is used as opposed to the steepest descent
method in [8]. In addition, we  perform preliminary validation
experiments on real and simulated data.

In Section 2, we will introduce the mathematical formu-
lation and problem set-up. In Section 3, we  will focus on
the discretization of the described problem. The derivation of
a numerical scheme and simple computational experiments
will be followed in Sections 4 and 5. Finally, we  will present
validations and concluding remarks in Sections 6 and 7.

2.  Mathematical  formulation

Consider the registration problem of a template image  T to
a reference image  R, where T is a realization of R deformed
via a transformation y and the intensity of this realization is
changed via an extra additive [image] term w. For consistency,
we adopt our notations from [33].

In this paper, the d-dimensional reference and template
images are represented by mappings R, T : � ⊂ R

d → R  of
compact support. The goal is to find the transformation
y : R

d → R
d and a compactly supported intensity correction

image  w : � ⊂ R
d → R  such that T[y] + w is similar to R, in

which T[y] is the transformed template image and T[y] + w is
the intensity-corrected deformed image.  We formulate joint
image  registration and intensity correction of a template
image T to a reference image  R as following.

Problem 1. Given two images R, T : � ⊂ R
d → R, find a trans-

formation y : R
d → R

d and an intensity correction image  w :
� ⊂ R

d → R  that minimize the joint objective functional

J[y; w] := D[T[y] + w, R] + ˛S[y − yref] + ˇQ[w]. (1)
Here, D  measures the dissimilarity of T[y] + w and R, and
˛S + ˇQ is a regularization expression on [y; w]. It is assumed
that yref(x) = x. Furthermore, sum of squared distances (SSD) is

dx.doi.org/10.1016/j.cmpb.2013.07.026
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used as the dissimilarity measure, the elastic regularization is
applied to the transformation [32,33], and the total variation
(TV) [41,49] penalty is used on the additive intensity correction
image. Note that TV does not require the contrast modulation
to be differentiable and therefore provides an exciting option
to model abrupt changes. All of this can be summarized as

D[T + w, R] = DSSD[T + w, R]

= 1
2

∫
�

(T(x) + w(x) − R(x))2dx, (2)

S[y] = 1
2

∫
�

�〈∇y, ∇y〉 + (� + �)(∇ · y)2dx,
(3)

∫ √

Q[w] = TV�[w] =

�

‖∇w(x)‖2 + �dx

≈
∫

�

‖∇w(x)‖dx.

(4)

Fig. 1 – Multi-level Gauss–Newton approach to joint image regist
(a) Template T(x). (b) Reference R(x). (c) |T(x) − R(x)|. (d) Template T
|T(y) − R(x)|. (g) Intensity correction |w(x)|. (h) T(y) + w(x). (i) |T(y) + w(x
 b i o m e d i c i n e 1 1 2 ( 2 0 1 3 ) 398–406

3.  Discretization

Here we employ a discretize-then-optimize paradigm, (see
[18–20,33] and the FAIR software [33] for details) to minimize
the functional in Eq. (1). Let x denote a discretization of the
�, y ≈ y(x), w ≈ w(P · x), R ≈ R(P · x), and T ≈ T(P · x), each cor-
responding to a discretization as denoted and take yRef = x.
The discretization of the problem is now to minimize the dis-
cretized functional

J[y; w] := D[T(P · y)] + w, R] + ˛S(y − yRef ) + ˇQ(w). (5)

In this expression, the grid interpolation operator P trans-
fers the problem discretization to cell-centers, see [33].
Discretization of the operators D  and S are represented by D
and S. In addition, the discretization of Total Variation operator

Q = TV� is denoted by Q, see [33,49]. Throughout this paper, it is
assumed that d-dimensional cell-centered-discretized images
R, T each contains n pixels (voxels) and the discretization of the
problem, x, contains m pixels (voxels). Table 1 summarizes size

ration and intensity correction of a disk example for level 7:
(x) and the grid y (e) Transformed template T(y). (f)
) − R(x)|.

dx.doi.org/10.1016/j.cmpb.2013.07.026
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Table 1 – Size of the matrices

Variable(s) Size

R, T, w, r n × 1
x, y m × 1 [m = nd if centered-grid is used.]
P nd × m
dT n × nd
S, Q, J 1 × 1
dS 1 × m
dQ 1 × n
dJ 1 × (m + n)
HS m × m
HQ n × n

o
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�

HJ (m + n) × (m + n)

f the corresponding matrices throughout this manuscript
ome of which will be introduced later on.

.  Gauss–Newton  approach

e  need to compute the Jacobian and Hessian of J denoted by
J and HJ, respectively in a Gauss–Newton approach described
n Algorithm 1 [37].

lgorithm 1. Minimizing J[y ; w] using Gauss–Newton
pproach

nitialize

[
y

w

]
←

[
y0

w0

]
.

hile not converged do
Evaluate HJ and dJ at [y ; w].
Solve the descent direction from the linear equation

J

[
ıy

ıw

]
= −dJT.

Find a positive scalar step-size s using a line-search
cheme.

Update

[
y

w

]
←

[
y

w

]
+ s

[
ıy

ıw

]
.

nd while

Note that the Hessian and Jacobian of the regularization S
s defined respectively as dS and HS. Furthermore, we  can com-
ute the Hessian and Jacobian of the discretized TV operator
enoted by dQ and HQ respectively. To proceed, the Jacobian of
he objective function J can be computed as

J =
[

∂J

∂y
,

∂J

∂w

]
. (6)

Now take

 = T(P · y) + w − R. (7)

hoosing the SSD distance measure and defining
(r) = 1
2

rTr (8)
 o m e d i c i n e 1 1 2 ( 2 0 1 3 ) 398–406 401

yields �(r) = D[T(P · y)] + w, R]. Hence using the chain-rule

∂J

∂y
= ∂�

∂r

∂r

∂T

∂T

∂(P.y)
∂(P.y)

∂y
+ ˛

∂S

∂y

= rTIndT P + ˛
∂S

∂y
= rTdT P + ˛dS,

(9)

in which dT represents the derivative of the interpolant avail-
able in FAIR [33]. Also,

∂J

∂w
= ∂�

∂r

∂r

∂w
+ ˇ

∂Q

∂w
= rT + ˇ

∂Q

∂w
= rT + ˇdQ. (10)

Therefore,

dJ = [rTdT P +  ̨ dS, rT +  ̌ dQ]. (11)

Finally, to compute the Hessian of J denoted by HJ, note that

dr =
[

∂r

∂y
,

∂r

∂w

]
=

[
∂r

∂T

∂T

∂(P.y)
(P.y)
∂y

,
∂r

∂w

]

= [IndT P, In] = [dTP, In].

(12)

Therefore,
(13)

dx.doi.org/10.1016/j.cmpb.2013.07.026
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Note that the evaluated Jacobian and Hessian of the objec-
tive functional J in Eqs. (11) and (13) can now be used in
the Gauss–Newton Algorithm 1. For practical implementa-
tions of the Hessian and Jacobian of the regularizer and
the TV operators see for example [33,49]. We  also consider
different discrete representations of the joint image  registra-
tion/intensity correction problem, and address the discrete
problems sequentially in the so-called multi-level approach.
Starting with the coarsest and thus inexpensive problem, a
solution is computed, which then serves as a starting guess for
the next finer discretization. This can be written as a sequence
of discretizations

Jh[yh; wh] := Dh[Th(Ph · yh)] + wh, Rh]+˛Sh(yh − yRefh) + ˇQh(wh),

(14)

in which h controls the spatial size of each discretization,
see [33]. This procedure has several advantages. It adds addi-
tional regularization to the registration problem (more weight
is given to more  important structure), it is very efficient
(typically, most of the work is done on the computationally

inexpensive coarse representations, and only a refinement is
required on the costly finest representation), it preserves the
optimization character of the problem and thus allows the use
of established schemes for line searches and stopping. The use

Fig. 2 – Multi-level Gauss–Newton approach to joint image regist
(a) 3, (b) 4, (c) 5, and (d) 6. The order of displayed images are cons
 b i o m e d i c i n e 1 1 2 ( 2 0 1 3 ) 398–406

of this technique leads to optimal schemes in the sense that
only a fixed number of arithmetic operations is expected for
every data point.

5.  Computational  experiments

In the first experiment, we create a toy example similar to
the one in [35]. The reference image  in this experiment is a
disk Fig. 1(b), and the template image  a smaller disk with a
grayscale ramp on its interior Fig. 1(a). With the multi-level
Gauss–Newton approach, we  are not only able to compute a
reasonable displacement field Fig. 1(d) but also an intensity
correction term displayed in Fig. 1(g). Due to this intensity
correction term we are now enabled to display the final reg-
istered and intensity corrected image  T(yc) + w(xc), which in
this example happens to be a perfect copy of the reference. In
this experiment we  used the main parameters  ̨ = 1000,  ̌ = 20,
� = 10, � = 1, and � = 0, along with an Armijo line search [37]
and a 2D spline interpolation [33]. The experimental result of
our implementation is presented in Fig. 1 for the finest level
7, and the result of the previous levels 3 : 6 are displayed in
Fig. 2(a)–(d). As it can be seen the method has effectively sepa-

rated the intensity changes of the two  images being registered.

In the second experiment, similarly we  apply the technique
to a DCE-MRI series of abdominal data which are displayed in
Fig. 3 with the parameters  ̨ = 200,  ̌ = 30, � = 50, � = 1, and � = 0.

ration and intensity correction of a disk example for levels
istent with images displayed for the last level in Fig. 1.

dx.doi.org/10.1016/j.cmpb.2013.07.026
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Fig. 3 – Multi-level Gauss–Newton approach to joint image registration and intensity correction applied to a DCE-MRI
abdominal data for level 7: (a) Template T(x). (b) Reference R(x). (c) |T(x) − R(x)|. (d) Template T(x) and the grid y (e)
T tion 
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ransformed template T(y). (f) |T(y) − R(x)|. (g) Intensity correc

imilarly the method has captured and corrected the intensity
hanges of the two images.

In each experiment, it was required to set five main param-
ters ˛, ˇ, �, �, and �. The two parameters � and � also known
s lame parameters were assigned values comparable to the
alues introduced in [33], i.e. � = 1 and � = 0. We  chose values
or � in a range that is 10 to 100 folds smaller than ‖∇w(x)‖2
ver most values of x ∈ � as defined in Equation (4). Finally,
e  needed to tune the parameters  ̨ and ˇ. By choosing a

arge value of  ̨ compared to ˇ, the method tends to associate
he intensity differences of R and T to the intensity correc-
ion term w, while choosing a small value of  ̨ compared to ˇ

orces the method to correct the intensities by transforming
he template image  T.

.  Validation

roper validation involves the registration of a set of

ontrast-enhanced images with motion characteristics that
re described by some known transformation. If invert-
ble, the inverse of this transformation can be compared to
he transformation output by image  registration in order to
|w(x)|. (h) T(y) + w(x). (i) |T(y) + w(x) − R(x)|.

evaluate accuracy. To provide for this, we  apply a known
invertible transformation to simulate motion in a motionless
clinical DCE-MRI scan of the abdomen.

In practice, there is always some motion present in DCE-
MRI  scans. Consequently, a motionless dataset must be
constructed. A previously described method [26] using an
alternative registration technique and principal components
reconstruction was used to create a motionless dataset with
realistic contrast enhancement patterns. Though particularly
effective at producing a motionless dataset, this technique
removes some image  information and is therefore not suitable
for motion correction outside of a simulation context.

Similar to [26], motion is simulated by modeling the
diaphragm as a half sinusoid with temporally varying ampli-
tude. The SI displacement of a point in the image  volume with
LR coordinate x at time t is given by

�SI(x, t) = −�SImax| sin(	t/tb)| sin(	x/xmax) (15)
where �SImax corresponds to the maximum SI displacement.
�SImax = 20 mm was selected as it falls within the range of
typical maximum SI displacements observed for abdominal

dx.doi.org/10.1016/j.cmpb.2013.07.026
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Fig. 4 – Distributions of the distance of pixels from their
location in the motionless dataset (a) Before registration. (b)
After NGF registration (c) After the proposed registration. In
all figures the first 40 time-points are shown. Box plots
encompass the 25–75th quartiles and whiskers encompass
97.5 of all values. The average is denoted by a black line.
 b i o m e d i c i n e 1 1 2 ( 2 0 1 3 ) 398–406

organs [1]. xmax is the maximum LR extent of the patient, and
the respiration rate is given by 1/tb. The respiration rate is
sampled from a Gaussian distribution upon each new breath
and centered about the average respiratory rate of humans,
15 breaths/min (
 = 2 breaths/min) [3]. A small rotation about
the centre of the images is added, where the angle of rotation
at time t is given by,

�(t) = | sin(	t/tb)|�max (16)

where �max = 1◦ is the maximum permitted rotation. Since the
applied transformation and is known, the distance of pixels
from their location in the motionless dataset can be deter-
mined (Fig. 4(a)). The average magnitude of these distances
was 8.2 mm (
 = 4.7 mm).  Fig. 4(a) contains the information for
the first 40 simulated time-points where the consecutive time-
points are 3.7 s apart. In addition, the physical size of the data
was 481 × 481 mm2.

The dataset with simulated motion was registered to a sin-
gle reference image  within the motionless dataset using the
proposed method. Namely, the 19th image  in the sequence,
the element right before 74 s displayed on Fig. 4(a) has been
used as the reference. In addition we compare our results with
the an scheme based on the novel normalized gradient field
(NGF) dissimilarity measure which has been shown to be effec-
tive in registration of images with different intensities along
with the elastic regularization scheme [33].

The NGF dissimilarity measure is a reasonable choice
because it deals with gradients, rather than intensities. There-
fore it is particularly well-suited to contrast-enhanced dataset
registration where intensities change but many  edges are
preserved. In addition, choosing NGF yields computationally
efficient registration algorithms. This suggests that the NGF-
scheme seems to be a suitable choice for our comparison.

The parameters for both the NGF and the proposed
schemes were tuned to yield the most accurate registration
results with respect to the motion-less data set. Following the
registration experiments, the NGF-based registration and the
proposed method reduced the distance of pixels from their
location in the motionless dataset from 8.2 mm (
 = 4.7 mm)
to 3.5 mm (
 = 1.8 mm)  and 2.1 mm (
 = 1.4 mm),  respectively,
(Fig. 4(b and c)).

The measured quantities suggest that the proposed
scheme not only is capable of correcting the intensities but
also outperforms the registration accuracy of the NGF-based
scheme. This can be associated to the fact that the proposed
joint registration and intensity correction model is more  phys-
ically motivated. In addition, the complexity of computations
for both schemes is essentially identical and the run-time for
both algorithms is roughly equivalent.

7.  Discussion  and  concluding  remarks

The goal of this research was to overcome the limitations

of current registration techniques and to design a new rig-
orous mathematical model capable of a combined treatment
of intensity changes and motion artefacts in an efficient
numerical scheme. We specifically employed a multi-level

dx.doi.org/10.1016/j.cmpb.2013.07.026
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auss–Newton optimization scheme which has been proven
o be very efficient for image  registration [33].

We  validated our method using real and simulated data
nd quantitatively analyzed the registration accuracy of our
pproach. Our approach performed a more  accurate registra-
ion compared to the NGF-based registration on the simulated
ataset.

Our simulation study used a relatively simple model of
isplacement due to respiration and this was found to pro-
uce displacements that were visually very similar to those
bserved in real data. We  therefore felt it was not necessary to
se a more  complex biomechanical simulation using the finite
lement method (FEM).

In general, the problem of choosing appropriate set of reg-
stration parameters can be a challenging task. Here we have

anually selected the parameters and have varied the param-
ters to yield reasonable results.

It should be noted that, our experiments are based on 2D
atasets. Extension of the experiments to 3D may seem trivial,
owever, implementation of matrix-free operations may be
ssential to guarantee minimal use of memory  and processing
ower for large datasets.

Other related methods such as trust-region, and in particu-
ar �-BFGS methods [37] may also be explored. In addition, the
erformance of pre-conditioned conjugate gradient [22], Min-
es [38], and multi-grid schemes [4,47] can be evaluated in this
ontext. Furthermore, for the specific case of TV-norm based
omogenization, more  recent approaches such as Bregman

teration [44] can be investigated. Regarding the multi-level
mplementation, more  recent work that aims to reduce work
oad even further [16,17] can also be investigated that repre-
ents the problem on an adaptive sparse grid and refines only
here necessary.
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